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3  / 3  / Description of the problem 

•  How to increase the accuracy of the trajectory 
prediction ? 

u  Models from Physics (Point-mass, Total-energy, 6DOF, ...) 
£  Benefits:  

l  Lot of literature and studies (over 282 documents) 

l  Well-defined with system dynamics (Mathematics) 

£  Disadvantages: 

l  Parameters are required (mass, target speed, aircraft type, …) 

l  Can be complicated to manipulate (Optimal Control Law) 

u  Models learned from Data (Neural Network, Regression, …) 
£  Benefits: 

l  The model is automatically learned from the recordings with all observable 
parameters 

£  Disadvantages: 

l  Based on the assumptions that the system is well represented in the dataset and 
may be time-invariant. 
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4  / 4  / Our approach 

u  Restrict the scope of the problem to climbing phase 
u  Use solely the information about the current flight 
u  Solve an online estimation problem of the parameters 

£  Use the total-energy model and a hybrid system to generate trajectories 

£  Tune automatically the parameters of the model by comparing the trajectory and the 
recordings in a black-box setting. 

£  Reiterate when new recordings are available 

u  Tuning is done with a machine learning approach 
u  The dynamic system is considered as a black-box for the underlying 

optimization algorithm 
u  The black-box optimization algorithm is an Evolution Strategy called 

CMA-ES. 
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5  / 5  / Model Definition 

•  Assumptions: 

1.  Coordinate system as a flat earth model 
£ Earth is flat, non-rotating and can be defined as an inertial 

reference system in the vicinity of the aircraft position 
£ Gravitational force is constant and perpendicular to the ground 

2.  The atmosphere is at rest relative to the earth and 
atmospheric properties solely depend on the altitude 

3.  The aircraft intention is to reach the flight level with a 
continuous climb 
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6  / 6  / Model Definition 

•  Total-Energy Model and Hybrid System 

u  The aircraft state is the altitude and the speed 
u  The dynamic system is defined by two equations: 

£ Evolution of the altitude 

 
£ Evolution of the speed 

 
l  Where 

u  Mode definition 
£ Transition Altitude (CAS,MACH) 

£ Tropopause 

£ Acceleration 

quantities into functions of altitude h, speed V and mode q,
the rate of climb is defined by:

ḣ(V, q) =
T (h)��T

T (h)


(Thr(h)�D(V, h)) · V

m · g
�
·f(V, h, q)

(1)
where the function T (h) is defined in BADA 3.10 User
Manual [3] p. 10, Thr(h) at p.22, D(V, h) at p.20 and
f(V, h, q) at p.15-16. As a first approximation, the mass m,
the gravitational acceleration g and the temperature differential
�T are constant during the climb phase. According to [18],
this is a reasonable assumption since the climb phase lasts
around 20 minutes. The terms h, V and q are variables that
evolve with the system and one must specify the evolution
of the two remaining independent variables. However, the
acceleration in function of the aircraft dynamic is not specified
in BADA. From [18], it is given by:

V̇ (h, ḣ) =
1

m
(Thr(h)�D(V, h)�m · g · sin(�)) (2)

where sin(�) = ḣ

V

. So, from eq. 2, we can see that the
acceleration evolves independently of the mode given the
rate of climb. Also, when ḣ is high, sin(�) is high and the
acceleration V̇ is low. This goes along with the hypothesis the
total-energy model. Finally, the next section will present the
evolution of the variable q.

C. Mode Definition

In this section, we define the modes and their transitions
based on BADA 3.10 User Manual [3]. First, let Q =
{CAS,MACH}⇥ {LOW,HIGH}⇥ {DEC,CST,ACC}
be the mode space. The first two modes, transition altitude and
tropopause, depend solely on the altitude:

q1(h) =

(
CAS if h  H

trans

MACH otherwise

q2(h) =

(
LOW if h  H

trop

HIGH otherwise

where H
trans

is the transition altitude and H
trop

is the
tropopause geopotential pressure altitude. Finally, the last
feature q3 is the mode of acceleration. The simplest controller
of this mode is given by:

q3(V, h) =

8
><

>:

ACC if V  V ⇤(h)� ✏

DEC if V � V ⇤(h) + ✏

CST otherwise

where ACC is acceleration, DEC is deceleration and CST is
constant speed and V ⇤ be a target speed at altitude h where
V tends to converge. V ⇤ can be chosen according to the
speed schedule defined in the Airline Procedures Model of
BADA 3.10 User Manual [3] p.29, where three target speeds
(V1, V2,M) are required as parameters. The nominal values
can be found in the airline procedure files of BADA. Finally,
✏ 2 R is a threshold value to avoid jitter. Next, the energy share

factor function f takes its values according to the following
flight conditions:

1) Constant V
M

above tropopause,
2) Constant V

M

below tropopause,
3) Constant V

CAS

above tropopause,
4) Constant V

CAS

below tropopause,
5) Acceleration in climb,
6) Deceleration in climb

where V
M

is the Mach speed and V
CAS

is the calibrated speed.
These flight conditions can be defined in terms of conjunctions
of q1, q2 and q3. From [3] p.15-16, f is discontinuous when
q jumps from one mode to another. Also, f is bounded and
therefore, with the flight envelope, one can also bound ḣ and
V̇ . One must pay attention to the Zeno behavior (cf. [21])
where a system can make an infinite number of jumps in a
finite amount of time. With these considerations in minds, one
can use a numerical procedure to integrate eq.1 and eq.2.

D. Trajectory Generation
In order to generate the trajectory, one must specify eq.1

and eq.2 as functions of time. With respect to BADA, let
Thr(h(t), t) = Thr(h(t)), D(h(t), V (t), t) = D(h(t), V (t))
and T (h(t), t) = T (h(t)), that is the evolution of the thrust,
the temperature and the drag are time-invariant. Moreover, the
aircraft dynamic functions shall be specified with respect to the
flight envelope constraints. In this study, we choose a nominal
thrust function. In eq.1, Thr is replaced by the maximum
thrust Thr

max

and the whole equation is multiplied by a
reduced climb power coefficient C

red

, which is supposed to
give realistic profiles (cf. [3] p.24). To simulate the system,
a common fourth-order Runge-Kutta method is used. Let
f1(t, h, V, q) = ḣ(V, q) and f2(t, V, h, ḣ) = V̇ (h, ḣ). Then,
one obtains the following integration scheme:
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quantities into functions of altitude h, speed V and mode q,
the rate of climb is defined by:

ḣ(V, q) =
T (h)��T

T (h)


(Thr(h)�D(V, h)) · V

m · g
�
·f(V, h, q)

(1)
where the function T (h) is defined in BADA 3.10 User
Manual [3] p. 10, Thr(h) at p.22, D(V, h) at p.20 and
f(V, h, q) at p.15-16. As a first approximation, the mass m,
the gravitational acceleration g and the temperature differential
�T are constant during the climb phase. According to [18],
this is a reasonable assumption since the climb phase lasts
around 20 minutes. The terms h, V and q are variables that
evolve with the system and one must specify the evolution
of the two remaining independent variables. However, the
acceleration in function of the aircraft dynamic is not specified
in BADA. From [18], it is given by:

V̇ (h, ḣ) =
1

m
(Thr(h)�D(V, h)�m · g · sin(�)) (2)

where sin(�) = ḣ

V

. So, from eq. 2, we can see that the
acceleration evolves independently of the mode given the
rate of climb. Also, when ḣ is high, sin(�) is high and the
acceleration V̇ is low. This goes along with the hypothesis the
total-energy model. Finally, the next section will present the
evolution of the variable q.

C. Mode Definition

In this section, we define the modes and their transitions
based on BADA 3.10 User Manual [3]. First, let Q =
{CAS,MACH}⇥ {LOW,HIGH}⇥ {DEC,CST,ACC}
be the mode space. The first two modes, transition altitude and
tropopause, depend solely on the altitude:

q1(h) =

(
CAS if h  H

trans

MACH otherwise

q2(h) =

(
LOW if h  H

trop

HIGH otherwise

where H
trans

is the transition altitude and H
trop

is the
tropopause geopotential pressure altitude. Finally, the last
feature q3 is the mode of acceleration. The simplest controller
of this mode is given by:

q3(V, h) =

8
><

>:

ACC if V  V ⇤(h)� ✏

DEC if V � V ⇤(h) + ✏

CST otherwise

where ACC is acceleration, DEC is deceleration and CST is
constant speed and V ⇤ be a target speed at altitude h where
V tends to converge. V ⇤ can be chosen according to the
speed schedule defined in the Airline Procedures Model of
BADA 3.10 User Manual [3] p.29, where three target speeds
(V1, V2,M) are required as parameters. The nominal values
can be found in the airline procedure files of BADA. Finally,
✏ 2 R is a threshold value to avoid jitter. Next, the energy share

factor function f takes its values according to the following
flight conditions:

1) Constant V
M

above tropopause,
2) Constant V

M

below tropopause,
3) Constant V

CAS

above tropopause,
4) Constant V

CAS

below tropopause,
5) Acceleration in climb,
6) Deceleration in climb

where V
M

is the Mach speed and V
CAS

is the calibrated speed.
These flight conditions can be defined in terms of conjunctions
of q1, q2 and q3. From [3] p.15-16, f is discontinuous when
q jumps from one mode to another. Also, f is bounded and
therefore, with the flight envelope, one can also bound ḣ and
V̇ . One must pay attention to the Zeno behavior (cf. [21])
where a system can make an infinite number of jumps in a
finite amount of time. With these considerations in minds, one
can use a numerical procedure to integrate eq.1 and eq.2.

D. Trajectory Generation
In order to generate the trajectory, one must specify eq.1
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and T (h(t), t) = T (h(t)), that is the evolution of the thrust,
the temperature and the drag are time-invariant. Moreover, the
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thrust function. In eq.1, Thr is replaced by the maximum
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quantities into functions of altitude h , speed V and mode q ,
the rate of climb is defined by:

˙h ( V, q ) =
T ( h ) � � T

T ( h )


( T h r ( h ) � D ( V, h ) ) · V

m · g

�
·f ( V, h , q )

( 1)
where the function T ( h ) is defined in B A DA 3 . 10 User
Manual [ 3 ] p. 10 , T h r ( h ) at p. 22, D ( V, h ) at p. 20 and
f ( V, h , q ) at p. 15 - 16 . A s a first approximation, the mass m ,
the gravitational acceleration g and the temperature differential
� T are constant during the climb phase. A ccording to [ 18 ] ,
this is a reasonable assumption since the climb phase lasts
around 20 minutes. The terms h , V and q are variables that
evolve with the system and one must specify the evolution
of the two remaining independent variables. However, the
acceleration in function of the aircraft dynamic is not specified
in B A DA . From [ 18 ] , it is given by:

V̇ ( h , ˙h ) =
1

m
( T h r ( h ) � D ( V, h ) � m · g · sin( � ) ) ( 2)

where sin( � ) =
˙
h

V

. So, from eq. 2, we can see that the
acceleration evolves independently of the mode given the
rate of climb. A lso, when ˙h is high, sin( � ) is high and the
acceleration V̇ is low. This goes along with the hypothesis the
total- energy model. Finally, the next section will present the
evolution of the variable q .

C . M o d e D e fi n i t i o n

In this section, we define the modes and their transitions
based on B A DA 3 . 10 User Manual [ 3 ] . First, let Q =
{CAS, MACH}⇥ {LOW, HIGH}⇥ {DEC, CST, ACC}
be the mode space. The first two modes, transition altitude and
tropopause, depend solely on the altitude:

q 1 ( h ) =

(
C A S if h  H

t r a ns

MA C H otherwise

q 2 ( h ) =

(
LOW if h  H

t r o p

HIGH otherwise

where H
t r a ns

is the transition altitude and H
t r o p

is the
tropopause geopotential pressure altitude. Finally, the last
feature q 3 is the mode of acceleration. The simplest controller
of this mode is given by:

q 3 ( V, h ) =

8
><

>:

A C C if V  V ⇤ ( h ) � ✏

DEC if V � V ⇤ ( h ) + ✏

C ST otherwise

where A C C is acceleration, DEC is deceleration and C ST is
constant speed and V ⇤ be a target speed at altitude h where
V tends to converge. V ⇤ can be chosen according to the
speed schedule defined in the A irline Procedures Model of
B A DA 3 . 10 User Manual [ 3 ] p. 29 , where three target speeds
( V1, V2, M ) are required as parameters. The nominal values
can be found in the airline procedure files of B A DA . Finally,
✏ 2 R is a threshold value to avoid jitter. Next, the energy share

factor function f takes its values according to the following
flight conditions:
1) C onstant V

M

above tropopause,
2) C onstant V

M

below tropopause,
3 ) C onstant V

C A S

above tropopause,
4 ) C onstant V

C A S

below tropopause,
5 ) A cceleration in climb,
6 ) Deceleration in climb

where V
M

is the Mach speed and V
C A S

is the calibrated speed.
These flight conditions can be defined in terms of conjunctions
of q 1 , q 2 and q 3 . From [ 3 ] p. 15 - 16 , f is discontinuous when
q jumps from one mode to another. A lso, f is bounded and
therefore, with the flight envelope, one can also bound ˙h and
V̇ . One must pay attention to the Zeno behavior ( cf. [ 21] )
where a system can make an infinite number of jumps in a
finite amount of time. With these considerations in minds, one
can use a numerical procedure to integrate eq. 1 and eq. 2.

D . T r a j e c t o r y G e n e r a t i o n
In order to generate the trajectory, one must specify eq. 1

and eq. 2 as functions of time. With respect to B A DA , let
T h r ( h ( t ) , t ) = T h r ( h ( t ) ) , D ( h ( t ) , V ( t ) , t ) = D ( h ( t ) , V ( t ) )
and T ( h ( t ) , t ) = T ( h ( t ) ) , that is the evolution of the thrust,
the temperature and the drag are time- invariant. Moreover, the
aircraft dynamic functions shall be specified with respect to the
flight envelope constraints. In this study, we choose a nominal
thrust function. In eq. 1, T h r is replaced by the maximum
thrust T h r

m a x

and the whole equation is multiplied by a
reduced climb power coefficient C

r e d

, which is supposed to
give realistic profiles ( cf. [ 3 ] p. 24 ) . To simulate the system,
a common fourth- order Runge- Kutta method is used. Let
f1 ( t , h , V, q ) = ˙h ( V, q ) and f2 ( t , V, h , ˙h ) = V̇ ( h , ˙h ) . Then,
one obtains the following integration scheme:
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7  / 7  / Trajectory Generation and Validation 

•  Integration with a Runge-Kutta fourth order 

•  The validation of the model consists in determining the 
expressiveness of the model 

u  The expressiveness is the trajectory space obtained by 
modifying the parameters 

£ Mass 

£ Speed Schedule (3 speeds) 

•  One way to evaluate it is to compute the distance 
between a real trajectory and the closest one in the 
generated trajectory set 

u  Distance: sum of position errors 

•  This can be formulated as an optimization problem. 
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8  / 8  / Optimization Problem 

and pilot intents, and quantify the errors accordingly. The
input data mainly refers to aircraft characteristics which are
given in the Base of Aircraft DAta (BADA) Aircraft Perfor-
mance Model. Still, these values are only nominal and can
be different from the real situation. Therefore, the SESAR
project 5.5.2 [24] concludes that sharing airline operational
control data, like the mass and the speed schedule, could
provide quick improvement to ground trajectory prediction,
with limited investment. As a matter of fact, these parameters
are determinants for computing the TP with a point-mass
model.

More generally, a parametric approach refers to a model
based on flight equations and aircraft characteristics. The
point-mass model is an example of a parametric approach.
As we will see, many parameters can be used to tune the
model to reality. To generate trajectories, [7] uses six ordinary
differential integrators depending on the longitudinal motion
instruction. Similarly, [8] and [19] use hybrid systems to model
the change of differential equations according to the control
law and the aircraft states. A discrete space, e.g. an automaton,
is defined to represent the modes of the system. Every mode
defines the differential equations and creates trajectories in a
continuous space. As seen in [8], this model is well-suited for
implementing BADA. [1] exposes a technique to find a general
thrust settings, i.e. a control law, that could be used in such
framework. The idea of fitting the mass parameter of BADA
on a few past points is used. Results on the accuracy of this
generic control law in the vertical plane should be expected
in a near future.

A common flaw in parametric approaches concerns the
nominal values used for every parameters. As shown on figure
1, the effect of the mass parameter clearly shows the impor-
tance of tuning these parameters. As an example, 400 seconds
after the takeoff, there is already a difference of approximately
250 flight levels between the minimal and the maximum mass
which is enormous for an application like the TP. This can
easily become a burden when the model is rather complex. To
overcome this inherent difficulty, non-parametric approaches
are studied in order to obtain an aircraft model from the
past trajectories. Non-parametric approaches rely on machine
learning and statistical inference: [20] uses neural networks,
[2] uses genetic programming in order to learn the structure
of the variables of a linear regression and [9] uses fuzzy
regression with k-nearest neighbor. The main drawback of
non-parametric approaches is that it requires lots of historical
data and the model is learned for a specific context and can
hardly be generalized because of the airspace constraints, e.g.
aircraft following a Standard Instrument Departure.

Combining both approaches is an interesting research ques-
tion addressed by [1] and [5]. The latter combines Monte-
Carlo Simulation and worst-case scenario for modifying the
parameters of BADA while integrating a wind model. How-
ever, this work is limited to the descent phase and the exper-
iments are performed on trajectories obtained by simulation.
The main contribution of our work on this question is to show
that tuning the parameters of BADA during the progress of

Figure 1. The Effect of the mass parameter

a flight is a way to overcome the difficulties of parametric
approach and avoiding to learn a model from the historical
data. To the best of our knowledge, no work has answered to
this question with results of the vertical plane.

III. MODEL

The basic idea is to create an hybrid system to generate a
trajectory in the vertical plane using BADA. The system de-
scribes the transitions between the different modes in function
of the states and the control laws. Following the mode, a given
differential equation is integrated to obtain the trajectory. This
section states the assumptions, defines the model and gives an
integration schema for generating the trajectories.

A. Assumptions

Depending on the requirements of the simulation, one
may choose different levels of complexity for the coordinate
systems and the aircraft control system. Since we consider
only the climbing phase, the system will evolve on a short
period of time on a limited geographical area. From these
considerations, we assume that the flat earth model is a
reasonable approximation (cf. [18]). This model assumes that
the earth is flat, non-rotating and can be defined as an inertial
reference frame. Also, the gravitational force is constant
and perpendicular to the ground. The atmosphere is at rest
relative to the earth and atmospheric properties solely depend
on the altitude. With these assumptions, one can define the
differential equations of kinematics and dynamics. For the
kinematics, the equations imply solely that the displacement is
proportional to the speed projected on the vertical or horizontal
plan. For the dynamics, we need to model the thrust, the drag,
the lift and the weight. To our knowledge, BADA is the most
complete model describing the capabilities of many aircraft
types.

B. Total-Energy Model

This section relies on the BADA 3.10 User Manual [3].
BADA is based on the total-energy model where the rate of
work is equal to the rate of potential and kinetic energy. Here,
the rate of climb is obtained by controlling the speed and
the throttle. From [3] p.14:eq.3.2-7 and by transforming the

TABLE I
MODELIZATION ERRORS - MEAN AND STANDARD DEVIATION

Time after takeoff Nominal (FL) Tuned (FL)
2min. 4.9195 (3.1422) 3.0929 (2.3133)
5min. 7.1416 (4.8556) 2.5496 (2.5282)

10min. 9.6714 (6.6146) 1.4057 (1.7441)
15min. 10.9441 (9.0016) 2.1957 (2.2600)
20min. 11.8008 (8.8068) 2.0546 (2.1367)

is simply the sum of absolute errors. In the case of parameter
estimation, we search in the feasible space of parameters ⇥,
the point ✓ 2 ⇥ that minimizes this measure. So, we have the
optimization problem:

✓⇤
i,j

= argmin
✓2⇥

jX

n=i

|H(✓; s0)n � T
n

| (3)

where H(✓, s0) is the sequence of ordered altitudes obtained
for given parameters ✓ and initial conditions s0 and T is
the sequence of observed altitudes from a trajectory of the
dataset. We suppose that (j � i)  |H(✓, s0)|  |T | and
that the timestamp associated to the point H(✓, s0)n is the
same than T

n

. When fitting the whole climbing phase, some
difficulties with eq.3 may arise. First, we need to give a
termination criterion when simulating the hybrid system that
is to stop when the TP reaches the level flight. Depending on
the parameters, the cardinal of the resulting sequence of points
will be different. So, it might be necessary to add points to
the real trajectory T since the TP can reach the top of climb
after T, e.g. a high value for the mass parameter. To compute
this error, we simply add points at the level flight until the
TP reaches it. Inversely, we add these points to the TP if it
reaches the top of climb before the real trajectory. Besides,
i < j are bounds to restrain the optimization on any subset
of contiguous points of the trajectory. Thereafter, this notation
will be useful for the online predictor.

C. Results

Table I shows the evolution of the mean errors and the
standard deviation with time for both models: with nominal
values and with tuned values. The first important evidence
is the inaccuracy of the Total-Energy Model to model the
positions at the beginning of the trajectory. As a matter of fact,
for the tuned values, the errors at 2 minutes are the highest.
An explanation consists in the fact that the aircraft states
(position, speed, heading) change rapidly at the beginning of
the trajectory and the selected five parameters are not sufficient
to capture this complexity. Furthermore, the optimization of
the equation eq.3 has a global scope and so, the errors
generated by local behaviors of the aircraft are ignored in
favor of the common behavior. This depends directly on the
selected values of i,j in ✓⇤

i,j

, which in this case are i = 0
and j = t

toc

where t
toc

is the time at top of climb. From
our dataset, this common behavior happens around 10 minutes
where the errors are the smallest after an acceleration phase

Figure 2. Trajectory Fitting

Figure 3. Rate of Climb Modeling

which happens around 5 minutes. As an example, on the figure
2, we can distinguish three main behaviors: the initial climb
from 0s. to approximately 200s, a short acceleration phase
from 200s. to 300s. and the common behavior after 300s. From
figure 3, we can see that the initial climb is characterized with
high variability in the rate of climb and an acceleration phase
between 50s. and 100s., shown by a huge decrease in the rate
of climb. During this phase, the predicted rate of climb is far
from reality for both parameter sets. Thereafter, both models
capture the acceleration phase and finally, they average the
rate of climb during the common behavior, which fits well the
positions as shown on figure 2.

Another interesting result is the evolution of the standard
deviation, which is in parentheses, for the model with nominal
values. It increases with time from 2 min. to 15 min. and
afterwards, it seems to stabilize around 9 FL. This can be
interpreted as an uncertainty cone, which is often used in the
air traffic community, but here, we can see that the cone stops
to grow at 15 minutes and becomes a corridor of uncertainty.
First, we understand that the cone grows with the flight
envelope, but afterwards, the uncertainty is bounded by the fact
that the trajectories, as functions of time, are strictly increasing
because of the filtering conditions of the dataset (cf. Section
IV-A) and the upper bound that is the cruise level.

TABLE I
MODELIZATION ERRORS - MEAN AND STANDARD DEVIATION

Time after takeoff Nominal (FL) Tuned (FL)
2min. 4.9195 (3.1422) 3.0929 (2.3133)
5min. 7.1416 (4.8556) 2.5496 (2.5282)

10min. 9.6714 (6.6146) 1.4057 (1.7441)
15min. 10.9441 (9.0016) 2.1957 (2.2600)
20min. 11.8008 (8.8068) 2.0546 (2.1367)

is simply the sum of absolute errors. In the case of parameter
estimation, we search in the feasible space of parameters ⇥,
the point ✓ 2 ⇥ that minimizes this measure. So, we have the
optimization problem:
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✓2⇥
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| (3)

where H(✓, s0) is the sequence of ordered altitudes obtained
for given parameters ✓ and initial conditions s0 and T is
the sequence of observed altitudes from a trajectory of the
dataset. We suppose that (j � i)  |H(✓, s0)|  |T | and
that the timestamp associated to the point H(✓, s0)n is the
same than T

n

. When fitting the whole climbing phase, some
difficulties with eq.3 may arise. First, we need to give a
termination criterion when simulating the hybrid system that
is to stop when the TP reaches the level flight. Depending on
the parameters, the cardinal of the resulting sequence of points
will be different. So, it might be necessary to add points to
the real trajectory T since the TP can reach the top of climb
after T, e.g. a high value for the mass parameter. To compute
this error, we simply add points at the level flight until the
TP reaches it. Inversely, we add these points to the TP if it
reaches the top of climb before the real trajectory. Besides,
i < j are bounds to restrain the optimization on any subset
of contiguous points of the trajectory. Thereafter, this notation
will be useful for the online predictor.

C. Results

Table I shows the evolution of the mean errors and the
standard deviation with time for both models: with nominal
values and with tuned values. The first important evidence
is the inaccuracy of the Total-Energy Model to model the
positions at the beginning of the trajectory. As a matter of fact,
for the tuned values, the errors at 2 minutes are the highest.
An explanation consists in the fact that the aircraft states
(position, speed, heading) change rapidly at the beginning of
the trajectory and the selected five parameters are not sufficient
to capture this complexity. Furthermore, the optimization of
the equation eq.3 has a global scope and so, the errors
generated by local behaviors of the aircraft are ignored in
favor of the common behavior. This depends directly on the
selected values of i,j in ✓⇤

i,j

, which in this case are i = 0
and j = t
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where t
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is the time at top of climb. From
our dataset, this common behavior happens around 10 minutes
where the errors are the smallest after an acceleration phase
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which happens around 5 minutes. As an example, on the figure
2, we can distinguish three main behaviors: the initial climb
from 0s. to approximately 200s, a short acceleration phase
from 200s. to 300s. and the common behavior after 300s. From
figure 3, we can see that the initial climb is characterized with
high variability in the rate of climb and an acceleration phase
between 50s. and 100s., shown by a huge decrease in the rate
of climb. During this phase, the predicted rate of climb is far
from reality for both parameter sets. Thereafter, both models
capture the acceleration phase and finally, they average the
rate of climb during the common behavior, which fits well the
positions as shown on figure 2.

Another interesting result is the evolution of the standard
deviation, which is in parentheses, for the model with nominal
values. It increases with time from 2 min. to 15 min. and
afterwards, it seems to stabilize around 9 FL. This can be
interpreted as an uncertainty cone, which is often used in the
air traffic community, but here, we can see that the cone stops
to grow at 15 minutes and becomes a corridor of uncertainty.
First, we understand that the cone grows with the flight
envelope, but afterwards, the uncertainty is bounded by the fact
that the trajectories, as functions of time, are strictly increasing
because of the filtering conditions of the dataset (cf. Section
IV-A) and the upper bound that is the cruise level.

Search in the parameter space 
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•  Covariance Matrix Adaptation Evolution Strategy (CMA-ES) 

u  Stochastic, derivative-free method for numerical optimization in 
black-box context. 

u  Parameters are sampled with a multivariate Gaussian Distribution 
u  Pairwise dependencies between variables are represented by a 

covariance matrix 

u  References: http://www.lri.fr/~hansen/cmaesintro.html 

N �
0,�2I

� N �
0,D2

� N (0,C)

Figure 1: Ellipsoids depicting one-� lines of equal density of six different normal distribu-
tions, where � 2 R

+

, D is a diagonal matrix, and C is a positive definite full covariance
matrix. Thin lines depict possible objective function contour lines

0.2 The Multivariate Normal Distribution
A multivariate normal distribution, N (m,C), has a unimodal, “bell-shaped” density, where
the top of the bell (the modal value) corresponds to the distribution mean, m. The distribution
N (m,C) is uniquely determined by its mean m 2 Rn and its symmetric and positive definite
covariance matrix C 2 Rn⇥n. Covariance (positive definite) matrices have an appealing
geometrical interpretation: they can be uniquely identified with the (hyper-)ellipsoid {x 2
Rn |xTC�1x = 1}, as shown in Fig. 1. The ellipsoid is a surface of equal density of the
distribution. The principal axes of the ellipsoid correspond to the eigenvectors of C, the
squared axes lengths correspond to the eigenvalues. The eigendecomposition is denoted by
C = B (D)

2

BT (see Sect. 0.1). If D = �I, where � 2 R
+

and I denotes the identity
matrix, C = �

2I and the ellipsoid is isotropic (Fig. 1, left). If B = I, then C = D2 is a
diagonal matrix and the ellipsoid is axis parallel oriented (middle). In the coordinate system
given by the columns of B, the distribution N (0,C) is always uncorrelated.

The normal distribution N (m,C) can be written in different ways.

N (m,C) ⇠ m+N (0,C)

⇠ m+C
1

2N (0, I)

⇠ m+BDBTN (0, I)| {z }
⇠N(0,I)

⇠ m+BDN (0, I)| {z }
⇠N(0,D2

)

, (4)

where “⇠” denotes equality in distribution, and C
1

2

= BDBT. The last row can be well
interpreted, from right to left

N (0, I) produces an spherical (isotropic) distribution as in Fig. 1, left.

6

C
(g+1)

µ

C
(g+1)

EMNA

global

sampling estimation new distribution

Figure 3: Estimation of the covariance matrix on f

linear

(x) = �P
2

i=1

xi to be minimized.
Contour lines (dotted) indicate that the strategy should move toward the upper right corner.
Above: estimation of C

(g+1)

µ according to (11), where wi = 1/µ. Below: estimation of
C

(g+1)

EMNA

global

according to (12). Left: sample of � = 150 N (0, I) distributed points. Middle:
the µ = 50 selected points (dots) determining the entries for the estimation equation (solid
straight lines). Right: search distribution of the next generation (solid ellipsoids). Given wi =

1/µ, estimation via C
(g+1)

µ increases the expected variance in gradient direction for all µ <

�/2, while estimation via C
(g+1)

EMNA

global

decreases this variance for any µ < � geometrically
fast

In order to ensure with (5), (6), and (11), that C(g+1)

µ is a reliable estimator, the variance
effective selection mass µ

e↵

(cf. (8)) must be large enough: getting condition numbers (cf.
Sect. 0.4) smaller than ten for C(g)

µ on f

sphere

(x) =
Pn

i=1

x

2

i , requires µ
e↵

⇡ 10n. The next
step is to circumvent this restriction on µ

e↵

.

3.2 Rank-µ-Update
To achieve fast search (opposite to more robust or more global search), e.g. competitive per-
formance on f

sphere

, the population size � must be small. Because µ

e↵

⇡ �/4 also µ

e↵

must
be small and we may assume, e.g., µ

e↵

 1 + lnn. Then, it is not possible to get a reliable
estimator for a good covariance matrix from (11). As a remedy, information from previous
generations is used additionally. For example, after a sufficient number of generations, the

12
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10  / 10  / Validation Result 

•  In the model validation, all the points of the trajectory 
are known. (Complete information) 

•  Dataset : 262 trajectories of A320 

u  Cruise level at least of 300 FL 
u  One position / 5 seconds 
u  Continuous climbing 
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TABLE I
MODELIZATION ERRORS - MEAN AND STANDARD DEVIATION

Time after takeoff Nominal (FL) Tuned (FL)
2min. 4.9195 (3.1422) 3.0929 (2.3133)
5min. 7.1416 (4.8556) 2.5496 (2.5282)

10min. 9.6714 (6.6146) 1.4057 (1.7441)
15min. 10.9441 (9.0016) 2.1957 (2.2600)
20min. 11.8008 (8.8068) 2.0546 (2.1367)

is simply the sum of absolute errors. In the case of parameter
estimation, we search in the feasible space of parameters ⇥,
the point ✓ 2 ⇥ that minimizes this measure. So, we have the
optimization problem:

✓⇤
i,j

= argmin
✓2⇥

jX

n=i

|H(✓; s0)n � T
n

| (3)

where H(✓, s0) is the sequence of ordered altitudes obtained
for given parameters ✓ and initial conditions s0 and T is
the sequence of observed altitudes from a trajectory of the
dataset. We suppose that (j � i)  |H(✓, s0)|  |T | and
that the timestamp associated to the point H(✓, s0)n is the
same than T

n

. When fitting the whole climbing phase, some
difficulties with eq.3 may arise. First, we need to give a
termination criterion when simulating the hybrid system that
is to stop when the TP reaches the level flight. Depending on
the parameters, the cardinal of the resulting sequence of points
will be different. So, it might be necessary to add points to
the real trajectory T since the TP can reach the top of climb
after T, e.g. a high value for the mass parameter. To compute
this error, we simply add points at the level flight until the
TP reaches it. Inversely, we add these points to the TP if it
reaches the top of climb before the real trajectory. Besides,
i < j are bounds to restrain the optimization on any subset
of contiguous points of the trajectory. Thereafter, this notation
will be useful for the online predictor.

C. Results

Table I shows the evolution of the mean errors and the
standard deviation with time for both models: with nominal
values and with tuned values. The first important evidence
is the inaccuracy of the Total-Energy Model to model the
positions at the beginning of the trajectory. As a matter of fact,
for the tuned values, the errors at 2 minutes are the highest.
An explanation consists in the fact that the aircraft states
(position, speed, heading) change rapidly at the beginning of
the trajectory and the selected five parameters are not sufficient
to capture this complexity. Furthermore, the optimization of
the equation eq.3 has a global scope and so, the errors
generated by local behaviors of the aircraft are ignored in
favor of the common behavior. This depends directly on the
selected values of i,j in ✓⇤

i,j

, which in this case are i = 0
and j = t

toc

where t
toc

is the time at top of climb. From
our dataset, this common behavior happens around 10 minutes
where the errors are the smallest after an acceleration phase

Figure 2. Trajectory Fitting

Figure 3. Rate of Climb Modeling

which happens around 5 minutes. As an example, on the figure
2, we can distinguish three main behaviors: the initial climb
from 0s. to approximately 200s, a short acceleration phase
from 200s. to 300s. and the common behavior after 300s. From
figure 3, we can see that the initial climb is characterized with
high variability in the rate of climb and an acceleration phase
between 50s. and 100s., shown by a huge decrease in the rate
of climb. During this phase, the predicted rate of climb is far
from reality for both parameter sets. Thereafter, both models
capture the acceleration phase and finally, they average the
rate of climb during the common behavior, which fits well the
positions as shown on figure 2.

Another interesting result is the evolution of the standard
deviation, which is in parentheses, for the model with nominal
values. It increases with time from 2 min. to 15 min. and
afterwards, it seems to stabilize around 9 FL. This can be
interpreted as an uncertainty cone, which is often used in the
air traffic community, but here, we can see that the cone stops
to grow at 15 minutes and becomes a corridor of uncertainty.
First, we understand that the cone grows with the flight
envelope, but afterwards, the uncertainty is bounded by the fact
that the trajectories, as functions of time, are strictly increasing
because of the filtering conditions of the dataset (cf. Section
IV-A) and the upper bound that is the cruise level.
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12  / 12  / Online Learning: Methodology 

u  Naive approach: find the trajectory in the trajectory space that is 
the closest to the observed one so far 

£  Leads to trajectories that are unlikely to occur (Overfitting) 

£  Reminder: at 2 minutes, the model mean error is the largest (initial climb) 

u  A solution to overfitting is to use regulation 
£  The hyper-parameter  is learned through a cross-validation process. 

 

V. ONLINE TRAJECTORY PREDICTOR

In this section, we present an online trajectory prediction
which uses the observed positions of a current flight to tune at
the same time the parameters of the model used to predict the
rest of the trajectory. Different kind of algorithms can be used
to undertake this task. Traditionally, a probabilistic approach
is used in this online configuration, e.g. Kalman Filter, where
the uncertainty is explicitly modeled. These performs very
well on short periods of time but, for longer period like in
this context, the linearity of the model could be too limited
and should be subject to future experiments. In our approach,
we use the BADA model in conjunction with the optimization
algorithm CMA-ES in order to fit the parameters of the model
with an objective function that defines a distance between
the observed positions and the modeled one. As we will see,
the problem of overfitting, which is studied by statistics and
machine learning, arises in our context. The current section
presents the difficulties and the solutions chosen with the
associated results.

A. Design of Experiment
In order to verify that the idea of an online predictor, as the

one mentioned previously, is valid, we must do an empirical
evaluation of the chosen algorithm by replicating the same
context. The main hypothesis is that from the observation set,
we can determine the values of parameters that will be fitted to
the current flight. So the trajectory is separated in two subsets:
the observed altitudes from the beginning to the present and
the future altitudes from the present to the top of climb. As
in the subsection IV-C, we use metering points to evaluate
the quality of the prediction by computing the errors between
the predicted altitudes and the real ones. To distinguish if a
set of errors is statistically greater than the other one, we
use a Wilcoxon signed-rank test. The null hypothesis of this
test is that two related paired samples come from the same
distribution. In our case, this test is a relevant choice because
two approaches are tested on the same trajectory dataset. As
usual, we reject the null hypothesis if the p-value is lower than
0.05.

B. Methodology
The most naive way to learn the parameters of the model

from the observed altitudes is to directly apply Eq.3 from
subsection IV-B and to apply them to generate the rest of the
trajectory. By doing so, the default model is always better than
the fitted one with a significant p-value. The reason behind
this result is simply that the fitted model does not generalize
over all the behaviors of the aircraft. In other words, it is fitted
only to the behavior captured in the observations. This problem
is referred to overfitting in Machine Learning litterature. To
circumvent this problem, we must think of the trajectory as a
time serie where the observations arrive with an determined
order, i.e. the temporal order. So, at first, we will always
observe the initial climb where we know from Table I that
the inaccuracy of the model is the greatest. Furthermore, we
are more interested by the parameter values that fit better the

positions near the present time than at the beginning of the
trajectory. To this end, we will add a weighting vector ↵
that will penalize more the errors that are near the present
time. But still, this is not sufficient because, depending on
the present time, some parameters will not have any effect
on the trajectory. As a matter of fact, from 0 to FL60, a
predefined schedule is applied and only the mass parameter
has an effect in BADA. The scope of the parameter V1 is from
FL60 to FL100, the scope of V2 is from FL100 to the transition
altitude (around FL277) and finally, the scope of V

m

is over
the transition altitude. Furthermore, we add the constraint that
V2 is greater than V1 to the optimization problem. To avoid
that the optimization algorithm assigns them some arbitrary
values resulting in unrealistic trajectories, we use a regulation
method that penalizes any deviation from the default param-
eters. A meta-parameter � is associated to the weight of the
penalty, which controls the tradeoff between exploration and
exploitation. Consequently, the resulting objective function is:

✓⇤0,t = argmin
✓2⇥

2

4
tX

i=0

↵
i

|H(✓; s0)i �O
i

|+ �

|✓|X

i=0

��✓
i

� ✓d
i

��

3

5

(4)
where ✓d is the default parameters of BADA. Notice that

the penalty occurs on the parameters space, but could also be
applied on the trajectory space because the mapping from the
parameter space to the trajectory space is not linear in the sum
of differences of altitudes.

Finally, in order to set the value of �, we use a cross-
validation approach where we partition the observation set
in two: the learning set and the validation set. We choose
the validation set to be just before the current altitude.
One must notice that the samples are not independent and
identically distributed and that we create a bias in favor of
the points located just after the current altitude. Because of
our extrapolation context, a bias is inevitable and this one
seems the most justifiable one in order to gain accuracy in
predicting the future positions. Figure 4 shows the partition
of the trajectory. The cross-validation technique used in this
study consists in learning the parameters of the model on
the learning set with the objective function and to use these
parameters for generating the points on the validation intervals.
Then, we compare these points with the real ones. We do it
for multiple values of � and we choose the parameter values
where the validation error is the lowest to generate the rest of
the trajectory.

C. Results
The approach is validated on the same dataset than subsec-

tion IV-A. We choose three different time slices in order to
represent the online aspect of the method. The validation set
size is fixed to 36 points or 180 seconds. This choice must
do the trade-off between the validation purpose of avoiding
overfitting which could lead to a large validation set size
and the learning purpose of finding the best parameter values
which could lead to a large learning set size and therefore,

Weighted-sum 
of the errors Penalty for 

deviating from 
the BADA 
nominal  
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Figure 4. Online Prediction

a small validation set size. At least, the validation set size
must be higher than the acceleration phase, where the local
behavior is the most different from the global one. In the
learning objective function (cf. Eq.4), we choose a linear
weight function where ↵

i

= i

t�1 . The initial lambda value
is arbitrarily set to 100 and are doubled until the penalty is
high enough so that the fitted values equal the default ones.
Then, the parameter values generating the lowest validation
error are chosen.

Also, to avoid that the algorithm changes the parameter
values based on a poor learning performance, we arbritrarily
set a threshold error at 5 FL, which is higher than the results at
subsection IV-C. When the threshold is exceeded, the BADA
default values are chosen.

Table II, III and IV show the results of the proposed
methodology for each time slice. At P = 400s, the two model
performances are not significantly different as shown with the
high p-values. We can see that our approach increases the
accuracy by 1 FL in average for the metering points at 2
minutes and 5 minutes after the current time slice with a p-
value significantly under 0.05. For the metering points at 10
minutes, the p-value is higher than 0.05 and the difference is
not statistically significant due to the high standard deviation
values. This can be explained by the fact that the model is
not very accurate during initial climb (cf. model validation
section) and the validation set covers the acceleration phase.
Also, because the learning error is too high, the algorithm can
choose the BADA default values. So, the default choice ratio
is around 20% which is rather high.

At P = 500s, the fitted model performs better at 2 and 5
minutes after the current position with small p-values. For 10
minutes, the two models are not significantly different because
of the high value of the standard deviation. In fact, this can
be interpreted as the two models are equally affected by the
uncertainty around the possible maneuvers of the aircraft. In
order to perform better, more information on the flight intents
are required to reduce the variability in the trajectories. Here,
the ratio of the default choice is 16%.

At P = 600s, the results are similar to P = 500s. The
reason is that the aircraft keeps the same behavior between
500s. and 600s. which is different from the behavior at 400s.

There is some kind of regularity that explains the fact that
the prediction is enhanced up to 5 minutes. This regularity
is captured more easily by the learning algorithm when the
behavior is stable during the validation interval. In this case,
the ratio of the default choice is 14%.

TABLE II
COMPARISON OF ONLINE MODELS AT P = 400S

Time after takeoff Nominal (FL) Tuned (FL) p-value
2min. 3.3029 (2.6698) 3.1699 (2.6740) 0.3401
5min. 6.7553 (5.6084) 6.5518 (5.6578) 0.6726
10min. 8.7851 (7.0757) 9.1846 (7.5687) 0.4541

TABLE III
COMPARISON OF ONLINE MODELS AT P = 500S

Time after takeoff Nominal (FL) Tuned (FL) p-value
2min. 4.0406 (3.2758) 3.2834 (2.7237) 5.612e-4
5min. 8.1290 (6.0885) 7.0567 (4.8281) 0.02049

10min. 9.0872 (7.0085) 9.4205 (6.7658) 0.7939

TABLE IV
COMPARISON OF ONLINE MODELS AT P = 600S

Time after takeoff Nominal (FL) Tuned (FL) p-value
2min. 4.5110 (3.4354) 3.5912 (2.4845) 1.289e-05
5min. 6.7936 (4.9209) 5.7231 (4.0456) 1.289e-03
10min. 8.5131 (6.6410) 9.4992 (7.8805) 0.09098

VI. CONCLUSIONS AND FUTURE WORK

In conclusion, this article presents a flight model for the
climbing phase defined as a hybrid system based on BADA.
An integration scheme is defined in order to generate the
trajectories from this system. Then, tuning parameters are
identified in order to be used in the online context. The method
is validated through measuring the vertical errors between
real trajectories and generated ones: both for default and
fitted parameter values. In the validation context, fitting is
done on the entire trajectory i.e. with total information. The
measured errors are considered as the accuracy limit of this
five parameters model. Afterwards, the model is applied in the
online context, which evolves with time. Known altitudes are
used to fit the parameters and then, these are used to predict the
remaining points. To avoid overfitting, the known points are
partitioned in a learning set and a validation set. The validation
set is used to fit the regulation parameter, which penalizes
the deviation from the default values. Results shows that the
initial climb, which is before the main acceleration phase,
is not modeled accurately in order to fit the parameters. On
the contrary, when the flights adopt a common behavior after
this acceleration phase, the online learning method increases
the accuracy of the trajectory prediction. The gain is about
1 FL for 2 minutes and 5 minutes after the current time.
After that, the two models are not significantly different

Observation are partitioned: 
•  Learning Set 
•  Validation Set 
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u  Wilcoxon signed-rank test is used to determine if the Online 
Predictor is statistically better than the nominal BADA. 

£  H0: Mean difference between the pairs is zero 

£  H1: Mean difference is not zero 

£  If p-value < 0.05, choose H1 
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Figure 4. Online Prediction

a small validation set size. At least, the validation set size
must be higher than the acceleration phase, where the local
behavior is the most different from the global one. In the
learning objective function (cf. Eq.4), we choose a linear
weight function where ↵

i

= i

t�1 . The initial lambda value
is arbitrarily set to 100 and are doubled until the penalty is
high enough so that the fitted values equal the default ones.
Then, the parameter values generating the lowest validation
error are chosen.

Also, to avoid that the algorithm changes the parameter
values based on a poor learning performance, we arbritrarily
set a threshold error at 5 FL, which is higher than the results at
subsection IV-C. When the threshold is exceeded, the BADA
default values are chosen.

Table II, III and IV show the results of the proposed
methodology for each time slice. At P = 400s, the two model
performances are not significantly different as shown with the
high p-values. We can see that our approach increases the
accuracy by 1 FL in average for the metering points at 2
minutes and 5 minutes after the current time slice with a p-
value significantly under 0.05. For the metering points at 10
minutes, the p-value is higher than 0.05 and the difference is
not statistically significant due to the high standard deviation
values. This can be explained by the fact that the model is
not very accurate during initial climb (cf. model validation
section) and the validation set covers the acceleration phase.
Also, because the learning error is too high, the algorithm can
choose the BADA default values. So, the default choice ratio
is around 20% which is rather high.

At P = 500s, the fitted model performs better at 2 and 5
minutes after the current position with small p-values. For 10
minutes, the two models are not significantly different because
of the high value of the standard deviation. In fact, this can
be interpreted as the two models are equally affected by the
uncertainty around the possible maneuvers of the aircraft. In
order to perform better, more information on the flight intents
are required to reduce the variability in the trajectories. Here,
the ratio of the default choice is 16%.

At P = 600s, the results are similar to P = 500s. The
reason is that the aircraft keeps the same behavior between
500s. and 600s. which is different from the behavior at 400s.

There is some kind of regularity that explains the fact that
the prediction is enhanced up to 5 minutes. This regularity
is captured more easily by the learning algorithm when the
behavior is stable during the validation interval. In this case,
the ratio of the default choice is 14%.

TABLE II
COMPARISON OF ONLINE MODELS AT P = 400S

Time after takeoff Nominal (FL) Tuned (FL) p-value
2min. 3.3029 (2.6698) 3.1699 (2.6740) 0.3401
5min. 6.7553 (5.6084) 6.5518 (5.6578) 0.6726
10min. 8.7851 (7.0757) 9.1846 (7.5687) 0.4541

TABLE III
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2min. 4.0406 (3.2758) 3.2834 (2.7237) 5.612e-4
5min. 8.1290 (6.0885) 7.0567 (4.8281) 0.02049
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Time after takeoff Nominal (FL) Tuned (FL) p-value
2min. 4.5110 (3.4354) 3.5912 (2.4845) 1.289e-05
5min. 6.7936 (4.9209) 5.7231 (4.0456) 1.289e-03
10min. 8.5131 (6.6410) 9.4992 (7.8805) 0.09098

VI. CONCLUSIONS AND FUTURE WORK

In conclusion, this article presents a flight model for the
climbing phase defined as a hybrid system based on BADA.
An integration scheme is defined in order to generate the
trajectories from this system. Then, tuning parameters are
identified in order to be used in the online context. The method
is validated through measuring the vertical errors between
real trajectories and generated ones: both for default and
fitted parameter values. In the validation context, fitting is
done on the entire trajectory i.e. with total information. The
measured errors are considered as the accuracy limit of this
five parameters model. Afterwards, the model is applied in the
online context, which evolves with time. Known altitudes are
used to fit the parameters and then, these are used to predict the
remaining points. To avoid overfitting, the known points are
partitioned in a learning set and a validation set. The validation
set is used to fit the regulation parameter, which penalizes
the deviation from the default values. Results shows that the
initial climb, which is before the main acceleration phase,
is not modeled accurately in order to fit the parameters. On
the contrary, when the flights adopt a common behavior after
this acceleration phase, the online learning method increases
the accuracy of the trajectory prediction. The gain is about
1 FL for 2 minutes and 5 minutes after the current time.
After that, the two models are not significantly different
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16  / 16  / Summary 

•  Define a hybrid system for aircraft simulation with a 
Runge-Kutta fourth order Integration Scheme 

•  Use an Evolving Strategy (CMA-ES) to do parameter 
estimation of a Hybrid System 

•  Cast the problem into a Machine Learning Problem to 
avoid the overfitting problem 

•  Demonstrate that we can gain accuracy by doing 
parameter estimation only with observed positions 
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17  / 17  / Thank you 

 

Thank you for your attention 

Questions or comments ? 
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